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Abstract: A more modern technique for addressing vulnerability is the picture fuzzy set (PFS). It is an 

instantaneous extension of intuitionistic fuzzy sets that can exhibit vulnerability in these situations, 

encompassing additional replies of the following types: yes, no, and decline. This study defines two varieties 

(strong and weak) of PFNL bounded linear operators and introduces the concept of boundedness of a linear 

operator from one PFNLS space to another PFNLS. Finally, the relationship between PFNL boundedness and 

PFNL continuity is examined. 
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1. Introduction 

In [1], Prof. Zadeh introduced fuzzy set (FS) theory in 1965. To fight against unpre- dictability, FS 

was essentially the first step in generalizing the antiquated conception of classical set theory. 

However, FS also has limits. Atanassov [2, 3, 10] introduced the idea of Intuitionstic FS (IFS) theory 

and further generalized FS theory in order to get around the drawbacks. In this case, neutrality level 

was not taken into account. In their study [19], Prof. Cuong and Kreinovich introduced the idea of 

neutral membership into IFS theory and presented us with a lovely new set notion called Picture 

Fuzzy Set (PFS). It goes without saying that PFS is a generalization of IFS. As time went on, a 

number of researchers became interested in PFS theory and many kinds of research were conducted 

on it [9, 20, 22-25]. 

However, the foundation of functional analysis, a significant area of contemporary mathematics, is 

normed linear space. Fuzzy normed linear space (FNLS) was first presented by Prof. Felbin in 1992 

[4]. [6, 11] shown that each finite dimensional FNLS has a unique fuzzy norm with respect to fuzzy 

equivalence. Prof. Felbin went on to prove in 1993 that any FNS with limited dimensions must be 

complete. Professor Bag and Samanta [12] broke down the fuzzy norm into a standard, crisp norm 

in 2003. This work showed the path for several methods of FN space research. Intuitionistic FNLS, 

Neutrosophic NLS, n-FNLS [5, 7, 8, 13-15, 21, 26, 28, 30] and other advances of FNLS have 

resulted from their publication. In 2024, we have first studied Picture Fuzzy normed linear space 

for the first time [31]. PFNLS is a far more generalized idea than the other one because PFS is a 

generalization of IFS. This article defines two varieties (strong and weak) of PFNL bounded linear 

operators and introduces the concept of boundedness of a linear operator from one PFNLS space to 
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another PFNLS. Also, the relationship between PFNL boundedness and PFNL continuity is 

examined. Our manuscript is organized as following: In Section 2 some basics regarding PFNLS is 

given and a suitable example is provided for better understanding. In Section 3 continuity in PFNLS 

is shown. In the next section boundedness property of PFNLS is explored. Finally, Section 5 

concludes our article. 

 

2. Some basics on PFNLS 

We ask that readers first read the concept of t-norm say ⊙ and t-conorm say ◦ in order to realize 

PFNLS. One can find information about t-norm and t-conorm in any standard article, such as [26], 

because PFS is an ongoing evolution of FS and IFS. In 2013, Cuong et al. released the initial 

concept of PFS, a novel theory, in [19]. This section recapitulates the idea of PFNLS based on PFS 

theory which was discussed in [31]. Further we have provided an example of PFNLS for smooth 

understanding this article. 

 

Definition 2.1. [31] Suppose U be a linear space over R. A picture fuzzy subset 

A = {((α, r); P (α, r), Q (α, r), R (α, r)) : (α, r) ∈ U × ℝ+} 

is called a PF norm on U w. r. t. continuous t-norm ⊙ and t-co-norm ◦ respectively if the following 

holds: 

(a) P (α, r) + Q (α, r) + R (α, r) ≤ 1 ∀ (α, r) ∈ U × ℝ+. 

(b) P (α, r) > 0. 

(c) P (α, r) = 1 iff α = 0. 

(d) P (kα, r) = P (α, r / |k|), k ∈ ℝ \ {0}. 

(e) P (α, r) ⊙ P (β, s) ≤ P (α + β, r + s). 

(f) P (α, .) is non-decreasing mapping of R+ and lim P (α, r) = 1. 
         r→∞ 

(g) Q (α, r) > 0. 

(h) Q (α, r) = 0 if and only if α = 0. 

(i) Q (kα, r) = Q (α, r), k ∈ R \ {0}. 

(j) Q (α, r) ◦ Q (β, s) ≥ Q (α + β, r + s). 

(k) Q (α, .) is non-increasing function of R+ and lim Q(α, r) = 0. 
         r→∞ 

(l) R (α, r) > 0. 

(m) R (α, r) = 0 iff x = 0. 

(n) R (kα, r) = R (α,  r ) , k ∈ R \ {0}. 

(o) R (α, r) ◦ R (β, s) ≥ R (α + β, r + s). 

(p) R (α, .) is non-increasing mapping of R+ and lim R(α, r) = 0. 
         r→∞ 
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5. Conclusion 

In this article, the continuity and boundedness property of PFNL operators are dis- cussed. 

Further some properties related to continuous and bounded operators are discussed. All these 

concepts are illustrated with examples. Also, we have studied some interested relationship theorem 

between the continuity and boundedness of a operator on PFNLS. These results are partially not 

true for the existing fuzzy set structures. In the future, we will study the concept of PF n-NLS and 

PF inner product space. 
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