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Abstract: A more modern technique for addressing vulnerability is the picture fuzzy set (PFS). It is an
instantaneous extension of intuitionistic fuzzy sets that can exhibit vulnerability in these situations,
encompassing additional replies of the following types: yes, no, and decline. This study defines two varieties
(strong and weak) of PFNL bounded linear operators and introduces the concept of boundedness of a linear
operator from one PFNLS space to another PENLS. Finally, the relationship between PFNL boundedness and
PFNL continuity is examined.
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1. Introduction

In [1], Prof. Zadeh introduced fuzzy set (FS) theory in 1965. To fight against unpre- dictability, FS
was essentially the first step in generalizing the antiquated conception of classical set theory.
However, FS also has limits. Atanassov [2, 3, 10] introduced the idea of Intuitionstic FS (IFS) theory
and further generalized FS theory in order to get around the drawbacks. In this case, neutrality level
was not taken into account. In their study [19], Prof. Cuong and Kreinovich introduced the idea of
neutral membership into IFS theory and presented us with a lovely new set notion called Picture
Fuzzy Set (PFS). It goes without saying that PFS is a generalization of IFS. As time went on, a
number of researchers became interested in PFS theory and many kinds of research were conducted
on it [9, 20, 22-25].

However, the foundation of functional analysis, a significant area of contemporary mathematics, is
normed linear space. Fuzzy normed linear space (FNLS) was first presented by Prof. Felbin in 1992
[4]. [6, 11] shown that each finite dimensional FNLS has a unique fuzzy norm with respect to fuzzy
equivalence. Prof. Felbin went on to prove in 1993 that any FNS with limited dimensions must be
complete. Professor Bag and Samanta [12] broke down the fuzzy norm into a standard, crisp norm
in 2003. This work showed the path for several methods of FN space research. Intuitionistic FNLS,
Neutrosophic NLS, n-FNLS [5, 7, 8, 13-15, 21, 26, 28, 30] and other advances of FNLS have
resulted from their publication. In 2024, we have first studied Picture Fuzzy normed linear space
for the first time [31]. PFNLS is a far more generalized idea than the other one because PFS is a
generalization of IFS. This article defines two varieties (strong and weak) of PFNL bounded linear

operators and introduces the concept of boundedness of a linear operator from one PFNLS space to
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another PFNLS. Also, the relationship between PFNL boundedness and PFNL continuity is
examined. Our manuscript is organized as following: In Section 2 some basics regarding PFNLS is
given and a suitable example is provided for better understanding. In Section 3 continuity in PFNLS
is shown. In the next section boundedness property of PFNLS is explored. Finally, Section 5

concludes our article.

2. Some basics on PFNLS

We ask that readers first read the concept of t-norm say (O and t-conorm say ° in order to realize
PFNLS. One can find information about t-norm and t-conorm in any standard article, such as [26],
because PFS is an ongoing evolution of FS and IFS. In 2013, Cuong et al. released the initial
concept of PFS, a novel theory, in [19]. This section recapitulates the idea of PFNLS based on PFS
theory which was discussed in [31]. Further we have provided an example of PFNLS for smooth

understanding this article.

Definition 2.1. /31] Suppose U be a linear space over R. A picture fuzzy subset
A= {((a,1); P(a,1),Q(a,1),R(a,1)): (0, 1) EU X R"}
is called a PF norm on U w. 1. t. continuous t-norm (© and t-co-norm ° respectively if the following
holds:
(a) P(o,r)+Q(a,1)+R (0, 1) <1V (a,r) € UxR",
(b) P (a,1)>0.
(©) P(a,r)=1iffa=0.
(d) P (ka,r)=P (0, r/|k]), k € R\ {0}.
(e) Pa,r) O P(B,s)<P(a+p,1r+5).
® P (a, .) is non-decreasing mapping of R+ and lim P (a, r) = 1.

(g Q(a,n>0.

(h) Q(a,r)=0ifand only if a = 0.

(1) Q (ka,r)=Q (a, 1),k € R\ {0}.

0 Q(,n)°Q(B,8)=2Q(atp,r+s).

&) Q (a, .) is non-increasing function of R+ and lim Q(a, r) = 0.

M R (o, 1r)>0.

(m) R(a,1)=0iffx=0.

(n) R (ka,)=R (0, 1),k € R\ {0}.

(o) R(a,r)eR(B,s)>R (a+ B, r+5).

(p) R (a, .) is non-increasing mapping of R+ and lim R(a, r) = 0.

r—00
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Here (U, A, 3, 0) is called a PFNLS. We will denote (U, A, @, 0) as (U, A) throughout
this article.
Example 2.2. Suppose U = (&, |.||) be NLS with .|| = |z| ¥ x € B, Considering ay©as =
min{ay, az} and ay oas = max{ay, a2} ¥ ay,az € [0, 1] we take Plo,r) = m, Qlav,r) =

_clal Blo,r) = I%.. e = 0. We take A = {(a,r); Plogr), Qlo,r), Rla,r) . Clearly

rdo|o?

(U, A, =,0) is an PENLS.

3. Continuity in PFNLS

In this section we will study various types of continuity of an operator over PFNLS.

Definition 3.1. Suppose (W, Aw,@,0) and {Z, Az, @,0) be two PFNLSs. A mapping
T (W, Aw, @, 0) = (£, Az, 3, 0) is said to be PF continuous at wp € W if for allw e W
Jor each p = 0,m e (0,1), v =0,ne(0,1) st

FPz(T(w) — T(wa),m) = (1 —p), Qz(T{w) — T(w),m) < pu, Bz{T(w) — T{uwp),m) < p
whenever
Pyrlw —wg),n) = (1 —v), Qulw —wy),n) < v, Rylw—wy),n) < v

Definition 3.2. Suppose (W, Aw, @, 0) and (Z, Az, @,0) be two PFNLSs. A mapping
T (W, Aw,@,0) = (£, Az, @, 0) is said to be

s strongly PF continuous at wy € W if for all w e W for each p > 031 >0 s.t.

Pz (T(w) — Tlwg), pn) = Py (w —wy), v),
Qz(T(w) — T(wo), p) < Qw(w —wo), v),
Bz({T(w) — T(wo), 1) < Bw(w —wp), »).

o weakly PF continuous at wo € W if for allw € W for each p >0, m € (0,1) J v =0
5.1
Py (w —wg), v) 2 m — Pe(T(w) — Tlwy), pu) = m
Qulw —we), 1) <m — Qz(T(w) — Tlwy), ) <m
Rwlw—wo),v) <m— Rz(T(w) — T(wp), g) < m

Definition 3.3. Suppose (W, Aw,©,0) and {Z, Az, @,0) be two PFNLSs. A mapping
T (W Aw, @, 0) = (£, Az, @,0) is said to be sequentially PF continuous at wp € W if
for any sequence {wn} in W satisfying w, — wy dmplies that T(wy,) — T(uyg) ie
lim Py (w, —wg),m)=1—= lim Pz(T(w,) — T(wy),m)=1

=00 L= DC

lim Quw (wn, —wo),m) =0 lim Qz(T(w,) — T{wq),m) =10

n—ro0 —ro0

lim Rw(wn —wo),m)=0— lim Rz(T(w,)— T(wy).m) =10,

=320

TE =300

'E.L'fl.!'i'i"(i > 0.
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Theorem 3.4. Suppose (W, Ay, @, 0) and (£, Az, &, 0) be two PFNLSs and T : (W, Ay, 5, 0) —
(2, Az, @, 0) be mapping. Then strong continuity of T implies sequentially continuity of

T al a point wg & W,

Proof. Suppose {w,, } be a convergent sequence converging to wy € W. Since T is strongly
continuous then we have for all w € W, for each g = 03 v = 0 s.1.

Pz(T(w) — T(wo), p) = Pulw — wp), v),

Qz(T(w) — T{wn), p) < Qu (w — wn), 1),
Rz(T(w) — T(wy), p) < Ry (w — wy), v).

Now by putting w = w,, we have

Pz(T(wy) — T(w), p) = P (wn — wo), 1),
Qz(T{w,) — Tlwg), 1) < Qu (w, — wq), v),
Bz (T(w,) — Tlwy), p) = By (w, —wg),v).

which clearly implies that T(w,) — T(wo) L.e. T is sequentially convergent. .

However the converse is not true i.e. sequential continnity in a PFNLS does not imply
strong continuity. Our following example demonstrates this.

Example 3.5. Suppose § = (R, ||z|,®,0) be @ PFNLS, where ||z|| = |zl,a @b =

min{a,b},a o b = max{a,b} ¥V a,b € [0,1]. We define the functions P;, Q. R;i = 1,2 :
SxREY = [0,1] by

Pz, r) = , Pl r) = yw >0

(1) T+ |x| 2l r) r+wlx|’ e
Ed ||

pop) = . rr) = K 0

Qilz.r) r+ |z’ Qala; 1) r+ wlz|’ e
2 i

r,r)=—, Plz,r)= — 0

Ri(x,r) . b (i, 1) i

It is clear that (5, As,,®,0), i = 1,2 are PFNLSs. Suppose g : (5, As,, @, 0} —
{8, Ag,,©,0) be a mapping defined as g{x) = H—sz W e . Suppose sp € S and {sn}
be a sequence in S such that s, — sg in (5, Ag,, @, 0). Then one can easily verily that
7o =0,

lim Py(s, —sg,7) =1, lim (s, — sp.7) =0, llm Ry(s, — s9,7) =0
n—oo n—roo oo

Now we caleulate Py(g(sq) — g(s0), 1), Qalg(sn) — g(s0). 1), Ralgl(sn) — g(so), 7). In every

ters of Qalgl(s,) — glso),r), Re(g(s,) — gisg), r) consists a term (s, — sp) in numerator

which becomes zero as n tends to oo, Thus lim Qslg(s,) —g(se),v) =0, lm Ralg(s,) —
R T

glso),r) = 0. In a parallel manner, it is seen that 2 also a term (s, — so) in denominator
in Py(g(sn) — glso),r) . As a result we get lim Po(g(sn) — g(so),r) = 1 and hence g is
1=

sequentially convergent on 5. On the other hand, assume g is strongly continuous in S

On continuity and boundedness property of ...... 62



B. N. Seal Journal of Science Volume 12, Issue 1, 2024

ie Vs, €5 and for each r > 0 such that for all s, € [/,

Pi(s — s0,t) < Pa((g(sn) - g(s0).7),
Qi(s — s0.1) > Qa((g(sx) — gls0).7),
Ri(s - s0,1) > Qa((g(sn) — gls0). 7).

Now
Pal(glsn) = gls0)r) > Pils = so,0)
—_— ;r - 2 ;
rtw| e -, Pl
T 1
= =< —h (—, .s'n)
w 5
1 wt
= inf h (—,sn) = i,
sES 5 r

where h is a polynomial in s, s # sg with degree < 1. Choose t; = inf [h(1)]. Thus 2 = 0.
Sinee w, r = 0, then it implies that + = 0 which gives a contradiction to the fact ¢ > 0. So,
g is not strongly continuous.

Theorem 3.6. Suppose (W, Ay, @, 0) and (Z, Az, @, 0) be two PFNLSs and T : (W, Aw, 5, 0)—
(2, Az, @, 0) be mapping. Then continuity of T implies sequentially continuity of T and
vice-versa ab a poind wo € W.

Proof. Suppose that T is continuous at wg € W and {w,} is a convergent sequence that
converges to wg in W. Then for all w € W, for each p € (0, 1) and v > 0, v € (0,1) and
m = () such that,
Py lw —wg,m) > (1 —v) = Pz(T(w) — Tlwy),r) = (1 — ),
Quilw —wg,m) < v= Qz(T(w) — T(ug),r) < pu,
Rw(w —wy,m) <v= Rz (T(w) — T(wp).r) < p

Since {wy,} — wq, thus 3 ny € N such that,
Py (w —wy,m) > (1 —v), Quw — wy,m) < v, Ry (w —wy,m) < v
Hence,

Pz(T(wy) — Tlwg),r) > (1 — p),
Qz(F(wn) — Fwy),r) < p,
Rz (T(w,) — T(wp),r) < p
which clearly shows that T is sequentially continnous at wy € W. Conversely suppose

that T is sequentially continuous at wy € W and if possible T is not continuous at wy i.c.
dpe (0,1) and v = 0 such that for any » € (0,1) and m > 0 such that

Py (w —wg,m) = (1 —v) = Pz(T{w) — T(uwg),r) < (1 —p),
Qulw —wy,m) <v= Qz(T(w) —T(ug),r) = u,
Bwl(w —wo,m) <v= Rz(T(w) — T(wp),r) = p
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So, forv=1- 1+p m = pll" p € M, 3w, such that

1
Py lw, — wy, ——) =
M{up o ]’J+1) p+1

1
QW’{IU — W, ;mj <]1-

but Pz (T(w,) — T(wg),r) < (1 — p),

! 1 but Qz(T(wy) — Twe),r) = p,

1 1
Rw (w — wo, o 1 but Bz(T(w,) — Twe),r) > p.

Considering m > 0, 3 pp s.t. ﬁ <% p = py, we have

lim Py (w, —wy,m) = 1:
T=F20

lim Qw (uy, — wy,m) =0,
Th=k 2T

lim Rw(wy, —wo,m) =0

TL—4 20

this lead to w, — wy, although

Pz(T(wp) — Two),r) = (11— p),
Qz(T(wp) — Two), 1) = p,
Rz(T(w,) = T(wp),r) =

ie. T(w,) does not converge T(wgy) which gives a contradiction. Therefore, the result
follows. .

4, PFN bounded operator

Throughout this section, we will discuss the idea of boundedness and isometry property
between PFN linear operators between PFNLSs. Also we will study some relationships
between different type of operators,

Definition 4.1. Suppose (W, Ay, @, 0) and (£, Az. @, 0) are two PFNLSs and T : (W, Ay, 0, ¢)
— (£, Az, ®,0) is a linear operator. Then T is called stvongly PFN bounded if there exists
a non-zero constant real number v such that for each w e W and v s > 0,

Pz(T(w),s) = Pylrw,s),
Qz(T(w),s) < Qwlrw,s)
Rz(T(w),s) < Rwlrw,s).

It is guite clear that the zero operators and and identity operators are by definition a
strongly PFN bounded operator.

Example 4.2. Suppose U = (R, |.||) be NLS with ||.|| = |z| ¥ = € B. Considering
ay @ ay = min{ay,as} and ay 0 ay = max{a;,as} ¥V ay,ay € [0,1] we take Pla,t) =
H-f:rETnI’Q{U-‘t] = ﬁt_.ﬁiﬂ t) = J% e > 0, my is fived real number. We take
A = {(a,t); Pla,t), Qe t), Rle, t)}. Clearly (U, A, @, 0) is an PENLS. Now we choose
Pa,t) = m{:@l(“ t) = %IJT By(o t) = l%., ¢ =0, mo is fived real number and

my > mg. We take B = {(a,1); Py, t),Qq (o, t), Ri(a, 1)}, Clearly (U, B, ®,0) is also

On continuity and boundedness property of ...... 64



B. N. Seal Journal of Science Volume 12, Issue 1, 2024

a PENLS. Now we consider an linear operator T : (U, A, ,0) — (U, B,®,0) given by
T(x) =re, r e B {0}, Clearly T is a strongly PFN bounded operator.

Definition 4.3. Suppose (W, Ay, @, 0) and (£, Az, @, 0) are two PFNLSs and T : (W, Ay, 2, 8) —
(£, Az, =,0) is a linear operator. Then T is called weakly PEN bounded if for p € (0,1)

there exists a non zero constant real number v such that for cach w e W and s > 0,

Pelru,s) > 1= = Pi(T(w),s) > 1-p.
Qzlrw,s) <p = Qw(T(w),s) < pu,
Rz(rw,s)<p = Ry (T(w)s) <p,

Definition 4.4. Suppose (W, A, @, 0) and (£, Az, @, o) are two PFNLSs and T : (W, Aw,©,0) —
(2, Az, @,0) is a linear operator. Then T W — Z is called PENL isometry if for each
we W, s =0 such that

Pz(T(w),s) = Pylw,s),

Qz(T(w), s) Qw (w. s).
Rz(%(w),s) = Rwlw,s).

3

Theorem 4.5. Suppose (W, Ay, @, 0) and (Z, Az, @, 0) are two PFNLSs and T : (W, Ay, @,8) —
(£, Az, @, 0) is a linear operator. If T is PEN strongly bounded, then it is PFN weakly
bounded.

Proaf. Suppose T is PFN strongly bounded. Then there exists a nonzero constant real
number ¢ such that for each w e W and ¥V s = 0,

Pz(T(w),s) = Pylrw,s),
Qz(T(w),s) < Qwlrw, s),
Bz (T(w),s) < Ruwlrw, s).

Since Py (rw, s), Quw (rw, s), Ry (rw, s) € [0, 1], we obtain that for any 0 < p < 1 s.t.

Pz(T(w),s) 2 Pw(rw,s)=>1-p,
QZ(E(LU), "*'} <_: Qi-if‘(f"f.l.-‘,ﬁ) i: Jin
Rz(T(w),s) < Rwlrw,s)<p.
Clearly T is PFN weakly bounded. i

Theorem 4.6. Suppose (W, Ay, 0, 0) and (2, Az, &, o) are two PFNLSs and T : (W, Ay, 2,2) —
(Z, Az, @, 0) is a linear operator. If T is PEN strongly bounded if and only if T is conlin-

UWUOTLS,

Proaf. Suppose T is PFN strongly bounded. Then for a nonzero real constant v such that
for every s = (), we have

Py (Tlw),s) = Pylrw,s)= Pylw, |T—s|] = Py (w, t),
Qz(T(w),s) = Qwlirw,s)=Qw(w, |%|j = Qw(w, 1),
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Rz(T(w),s) < Rw(f-w,a)=Ru-r(u-,|f—,|)=Rw(w..fJ.

Suppose wy € W,p € (0,1),5 > 0. We put p= v and t = [ > 0. Also suppose that
Puwlw—wa) 2 (1 — p), Qwlw —we) < p, Rw(w— wn) < p.

Then clearly we have,

Pz((%(w) = (Tlwo)) 2 1-p,
Qz((T(w) = (Flwo)) <
Rz((%(w) = (Two)) <

Hence T is continuous.  On the other hand, let us assuwme that T is continuous on
(W, Ay, @, 0). Then from the definition of continuity we have ¥V w € W0 < u < 1
and r > 0,30 < v < 1 and £ > 0 we have,

Pu(w —wo) > (1 - ) = Pz((T(w) — (T(wp))

Qulw —wy) < p= Qz((T(w) — (T(wg))
Ry (w —wy) < p = Rz((T(w) — (T(wg))

1—pn
il
il

A IA I

Now for any k € (0,1) such that,
Py (kw) = (1 = v), Qw (kw) < p, Ry (kw) < p.
Thus,
) = Bwlw.r) 2 (1-v)
Qw(w, |;€_|] = Qwlw,r) < v
¥

Rw (w, |T) = Rw(w,r) v

Py (w,

By assuming { = £, we obtain that

Par(w.1) > (1= 1) = Pa((T(w). )

Qulw, t) < p= Qz(T(w),r)
Ry lw, t) < p= Rz((T(w),r)

1 —u
I
o

A IA IV

Hence the result follows,
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5. Conclusion

In this article, the continuity and boundedness property of PFNL operators are dis- cussed.
Further some properties related to continuous and bounded operators are discussed. All these
concepts are illustrated with examples. Also, we have studied some interested relationship theorem
between the continuity and boundedness of a operator on PFNLS. These results are partially not
true for the existing fuzzy set structures. In the future, we will study the concept of PF n-NLS and

PF inner product space.
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